This paper deals with the extremely precise, stable and fast solution of the ordinary differential equations. The solution of these is performed using a method based on the Taylor series -The Modern Taylor Series Method. The paper investigates two problems to demonstrate the positive properties of the method: linear problem -the behavior of signal transmission on the telegraph line and a non-linear problem -the Van der Pol oscillator. Both problems were analyzed and solved using newly implemented MATLAB Modern Taylor Series Method solvers. The results were then compared to the state-of-the-art MATLAB solvers.
Introduction
The paper deals with the solution of technical Initial Value Problems (IVPs) representing the problems which arise from common technical practice (especially from electrical and mechanical engineering). Initial value problems are represented by the system of Ordinary Differential Equations (ODEs).
The best-known and the most accurate method of calculating a new value of the numerical solution of ODE [1] :
is to construct the Taylor series in the form:
where h is the size of integration step, y i = y(t i ) is the previous value and y i + 1 = y(t i + h) is the next value of the function y(t).
The Taylor series can be very effectively implemented as the variable-order, variable-step-size numerical method [2] -Modern Taylor Series Method (MTSM). The method is based on a recurrent calculation of the terms of the Taylor series for each integration step. Therefore, the complicated calculation of higher order derivatives does not need to be performed, the value of higher derivative is calculated numerically from the previous one [3] . Equation (2) can then be rewritten in the form:
where DY i denotes the terms of the Taylor series. Theoretically, it is possible to compute the solution of homogeneous linear differential equations with constant coefficients with arbitrary order and with arbitrary accuracy. Let us denote as ORD the function which changes during the computation and defines the number of terms of the Taylor series used in the current integration step (ORD i+1 = n).
The important property of the method is automatic order control, i.e. using as many terms of the Taylor series as the defined accuracy requires. Therefore it is common that the number of terms of the Taylor series varies for different constant integration step sizes.
The MTSM has been implemented in MATLAB [4] , in C/C++ languages (FOS and TKSL/C software [2] ).
Additionally, the method can be effectively implemented directly in hardware [5] .
Several other implementations of the Taylor series method in a variable order and variable step context were presented by different authors. TIDES software [6] and TAYLOR [7] , which includes detailed description of a variable step size version. Other implementations based on Taylor series include ATOMF [8] , COSY INFINITY [9] , and DAETS [10] . The variable stepsize variable-order scheme is also described in [11] , [12] and [13] , where simulations on a parallel computer are shown.
The approach based on an approximate formulation of the Taylor methods can be found in [14] .
This paper amends and extends the paper presented at the 2018 Modern Mathematical Methods in Engineering conference [15] . The solution of linear ODEs now uses fixed step and fixed order instead of variable step variable order approach shown in the paper. The MTSM algorithm for nonlinear quadratic ODEs is improved with recurrent calculation of terms of the Taylor series (higher derivatives are not needed for calculation). Due to these changes, the computation time of MTSM was improved in comparison to the paper [15] presented at the conference.
The paper is divided into several sections. In Sec. 2. the effective numerical solution of a system of linear ODEs using higher order MTSM is shown and the Telegraph equation is analyzed. The Sec. 3. presents the solution of quadratic nonlinear ODEs and the nonlinear Van der Pol oscillator is discussed. All algorithms of MTSM are efficiently implemented in MATLAB software [4] using vectorization. Finally, the MTSM algorithms are compared with MATLAB solvers [16] .
Solution of Linear ODEs
Equation (2) for linear systems of ODEs in the form y = A y + b can be rewritten as: 
The recurrent calculation of Taylor series terms is useful in error control. It is stopped when:
where eps means error per step and stop denotes the number of successive terms of the Taylor series, which have met the stopping criterion Eq. (6) . In this paper, the stop is set to 3.
For the solution of linear ODEs with constant integration step size h, the constant number of Taylor series terms (ORD = n) which satisfies Eq. (6) is obtained.
The Eq. (6) can be also rewritten in the form:
where the matrices A y and A b are in the form:
The fixed integration step size can be approximated using:
therefore, constant matrices A y and A b are precalculated only once at the beginning of the solution.
Telegraph Equation
The telegraph line is represented by the electric circuit depicted in Fig. 1 [17] . The behavior of the circuit is described by the system of ODEs:
where S denotes the number of RLC segments of the telegraph line. The solution of the system of ODEs Eq. (10) leads to the linear IVP in the form:
where A is a matrix of constants (R, L, and C parameters of the circuit), y is a vector of variables (voltages and currents), b is a vector of constants and y 0 is a vector of initial conditions. The block structure of matrix A and vectors y and b can be found in [17] .
For the simulation experiments in this paper, the capacitances and inductances are the same, C 1 = C 2 = · · · = C S = 1 pF and L 1 = L 2 = · · · = L S = 10 nH (homogeneous lossless telegraph line). 
Moreover, the transmission line is adjusted if
The angular velocity is set ω = 3 · 10 9 rad·s −1 . The input voltage u 0 should be generally constant (DC circuit) or harmonic (AC circuit) signal. In the case of DC circuit, the input voltage u 0 is hidden in constant right-hand side b. In the case of AC circuit, the input voltage u 0 = U 0 sin(ωt) can be computed using auxiliary system of coupled linear ODEs:
The AC circuit with input voltage u 0 = sin(ωt) is used. The propagation constant per unit length of one segment for simple model of transmission line in Fig. 1 can be calculated as t LC = √ LC. The total delay of the input signal can be computed as t delay = St LC . The delay of the output voltage u C100 for 100 segments is shown in Fig. 2 . The time of simulation was set at t max = 2t delay for all experiments. The MATLAB solver, using the explicit MTSM with a constant order and constant step size scheme Eq. (7) for linear systems of ODEs Eq. (11) has been implemented. This algorithm was tested on a set of examples of a telegraph line with different number of segments S. The maximum simulation time t max is dependent on the number of segments. The number of integration steps rises with the maximum simulation time, see Tab. 3. Moreover, it is essential to verify the stability of methods.
The MTSM was compared with vectorized MAT-LAB explicit ode solvers. Both relative and absolute tolerances for all solvers were set to eps = 10 10 . All codes are implemented in MATLAB 2015a and computations were partially performed on SALOMON supercomputer at IT4Innovations National Supercomputing Center, VSB-Technical University of Ostrava [18] . More comparisons of MTSM numerical solutions of linear systems of ODEs can be found in [19] and [20] .
Comparisons of MTSM and MATLAB

Solution of Nonlinear (Quadratic) ODEs
In this section, the effective solution of a special case of nonlinear quadratic systems of ODEs is described. The nonlinear quadratic system of ODEs is any firstorder ODE that is quadratic in the unknown function. For such system, Taylor series based numerical method can be implemented in a very effective way.
Equation (1) for nonlinear-quadratic systems of ODEs can be rewritten as:
where A ∈ ne×ne is the matrix for linear part of the system, B ∈ ne×ne(ne−1)/2 is the matrix for mixed quadratic term, C ∈ ne×ne is the matrix for pure quadratic term, b ∈ ne is the right-hand side for the forces incoming to the system, y 0 is a vector of initial conditions, and the symbol ne stands for the number of equations of the system of ODEs. The unknown function y 2 represents the vector of multiplications (y 1 y 1 , y 2 y 2 ,. . . , y ne y ne ) T and similarly y jk represents the vector of mixed terms multiplications (y j1 y k1 , y j2 y k2 ,. . . , y j ne(ne−1)/2 y k ne(ne−1)/2 )T . The indexes j and k come from combinatorics C(ne, 2). For simplification, the matrices A, B, C and the vector b are constant.
Higher derivatives of Eq. (3) can be effectively computed in MATLAB software [4] using matrix-vector multiplication, e.g. higher derivative y [p] for pure quadratic term (with matrix C) can be expressed as: can be effectively precalculated using Pascal triangle, for more information, see pascal function in MATLAB software.
Moreover, the higher derivatives of the terms B y jk , C y 2 , in Eq. (13) can be included in a recurrent calculation of Taylor series terms DY B and DY C :
where the linear term DY A l−1 is computed using Eq. (5).
Van der Pol Oscillator
The Van der Pol oscillator is a nonconservative oscillator with nonlinear damping. Energy is dissipated at high amplitudes and generated at low amplitudes. As a result, there are oscillations around a state at which energy generation and dissipation balance.
Due to the unique nature of the Van der Pol oscillator, it has become the cornerstone for studying systems with limit cycle oscillations. In fact, the Van der Pol equation has become a staple model for oscillatory processes not only in physics, but also in biology, sociology, and even economics.
From mathematical point of view, the Van der Pol equation is an ordinary differential equation:
where the parameter µ represents the nonlinearity and the strength of damping [21] . Right-hand side function b represents the forcing function. When µ = 0, the equation becomes y + y = 0, which is a simple harmonic oscillator. For µ > 0 the system enters a limit cycle: near the origin (y = y = 0), the system is unstable; far from the origin, the system is damped, see Fig. 3 . The behavior of the system for different parameters µ in the time domain is shown in Fig. 4 .
The second order ODE Eq. (16) can be transformed (using substitutions y 1 = y and y 2 = y 2 ) into the auxiliary system of ODEs:
with initial conditions y(0), y 1 (0) = y (0), y ( 0) = y 2 (0) and zero right-hand side b = 0. As can be seen, the ORD is changing rapidly especially for problems involving higher non-linearities (larger parameter µ). Behavior of the function ORD demonstrates that the method changes used integration order dynamically during calculation with respect to the value of parameter eps. 
where F is the amplitude and ω is angular velocity of the wave signal (rad·s −1 ). The limit cycle for µ = 5, ω = 1 and F = 2 is depicted in Fig. 7 .
The behavior of such system in the time domain is shown in Fig. 8 . In electric circuits, the wave function can be represented as some AC power supply b(t) = u 0 = U 0 sin(ωt), see Fig. 6 .
Equation (19) Take a note, that the parameter ω in Eq. (19) has also significant impact on numerical computations, see Tab. 8 and Tab. 9. The last line of Tab. 9 (for ω > 10 4 ) indicates that the computation time of ode23 solver is more than 50 hours. More comparisons of MTSM numerical solutions of nonlinear systems of ODEs can be found in [22] . Tab. 9: Forced Van der Pol oscillator (µ = 5, F = 2): number of integration steps.
ω (rad·s −1 ) ode23 ode45 ode113 expTay 10 1 19 · 10 5 21 · 10 4 11 · 10 4 10 · 10 2 10 2 19 · 10 6 21 · 10 5 94 · 10 3 20 · 10 2 10 3 19 · 10 7 21 · 10 6 94 · 10 4 20 · 10 3 10 4 -21 · 10 7 94 · 10 5 20 · 10 4
Conclusion
This article dealt with the numerical solution of linear and nonlinear systems of ODEs coming from electrical circuits simulations. The model of the telegraph line was chosen as the example of the linear problem, the Van der Pol oscillator as the example of nonlinear one. All calculations were performed using MATLAB software. The MTSM solver for nonlinear quadratic systems of ODEs was successfully implemented. The MTSM is able to solve these problems faster and more efficiently than the state-of-the-art ode solvers in MATLAB.
Future work will be focused on the solution of general nonlinear problems, parallelization of the MTSM algorithm and its hardware representation.
